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Abstract. In terms of Sear’s transformation formula for 4φ3-series, we
give new proofs of a summation formula for 4φ3-series due to Andrews [2]
and another summation formula for 4φ3-series conjectured in the same
paper. Meanwhile, other several related results are also derived.
1. Introduction
For two complex numbers x and q, define the q-shifted factorial by
(x; q)0 = 1 and (x; q)n =
n−1∏
i=0
(1− xqi) when n ∈ N.
The fraction form of it reads as[
a, b, · · · , c
α, β, · · · , γ
∣∣∣ q
]
n
=
(a; q)n(b; q)n · · · (c; q)n
(α; q)n(β; q)n · · · (γ; q)n
.
Following Gasper and Rahman [3], define the basic hypergeometric series by
1+rφs
[
a0, a1, · · · , ar
b1, · · · , bs
∣∣∣ q; z
]
=
∞∑
k=0
[
a0, a1, · · · , ar
q, b1, · · · , bs
∣∣∣ q
]
k
zk,
where {ai}i≥0 and {bj}j≥1 are complex parameters such that no zero factors appear in
the denominators of the summand on the right hand side. Then sear’s transformation
formula for 4φ3-series (cf. [3, Equation (2.10.4)]) can be expressed as
4φ3
[
q−n, a, b, c
d, e, q1−nabc/de
∣∣∣ q; q
]
=
[
d/a, de/bc
d, de/abc
∣∣∣ q
]
n
4φ3
[
q−n, a, e/b, e/c
e, de/bc, q1−na/d
∣∣∣ q; q
]
. (1)
Recall Shapilo’s identity (cf. [6, Equation (5.12)]):
n∑
k=0
C2kC2n−2k = 4
nCn,
where Cn =
1
n+1
(
2n
n
)
are Catalan numbers. A deep extension of the last formula due to
Andrews [2] can be stated as
4φ3
[
q−n, a, b, q1/2−n/ab
q1−n/a, q1−n/b, q1/2ab
∣∣∣ q; q
]
= q−n/2
[
ab
a, b
∣∣∣ q
]
n
[
a, b,−q1/2
ab
∣∣∣ q1/2
]
n
. (2)
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In the same paper, Andrews made the following conjecture:
4φ3
[
q−n, a, b, q3/2−n/ab
q1−n/a, q2−n/b, q1/2ab
∣∣∣ q; q
]
=
[
ab/q
a, b/q
∣∣∣ q
]
n
[
a, b/q,−q1/2
ab/q
∣∣∣ q1/2
]
n
(q1/2 − ab)(q − bqn/2)
q3/2 − ab2qn
×
{
q1−n/2
q − b
+
ab(q1/2 − bqn/2)(q − abqn)
(q1/2 − b)(q1/2 − abqn)(q − abqn/2)
}
. (3)
Recently, Guo [5] confirmed (2) and (3) in accordance with the difference method. A
computer proof of (3) was also offered by Mu [7] after reading a previous version of
[5]. Inspired by these work, we shall give not only new proofs of the two identities just
mentioned but also several related results by using (1).
2. New proofs of Andrews’ two summation formulas for 4φ3-series
Theorem 1. For two complex numbers {a, b} and a nonnegative integer n, there holds
4φ3
[
q−n, a, b, q1/2−n/ab
q1−n/a, q−n/b, q1/2ab
∣∣∣ q; q
]
=
[
ab
a, qb
∣∣∣ q
]
n
[
a, q1/2b,−q1/2
ab
∣∣∣ q1/2
]
n
.
Proof. By means of (4), we obtain the following relation:
4φ3
[
q−n, a, b, q1/2−n/ab
q1−n/a, q−n/b, q1/2ab
∣∣∣ q; q
]
=
[
q1−n/a2, qab
q1−n/a, qb
∣∣∣ q
]
n
× 4φ3
[
q−n, a, q1/2a, qna2b2
q1/2ab, qab, a2
∣∣∣ q; q
]
.
Evaluating the 4φ3-series on the right hand side by the known identity (cf. [1, Equation
(4.3)] and [4, Equation (4.22)]):
4φ3
[
q−n, a, q1/2a, qnc2
q1/2c, qc, a2
∣∣∣ q; q
]
=
[
−q1/2, qn/2c, q−n/2a/c
−a, q1/2+n/2c, q−n/2/c
∣∣∣ q1/2
]
n
,
we get Theorem 1 to complete the proof. 
Theorem 2. For three complex numbers {a, b, x} and a nonnegative integer n, there holds
5φ4
[
q−n, qx, a, b, q1/2−n/ab
x, q1−n/a, q1−n/b, q1/2ab
∣∣∣ q; q
]
=
q−n/2 − x
1− x
[
ab
a, b
∣∣∣ q
]
n
[
a, b,−q1/2
ab
∣∣∣ q1/2
]
n
.
Proof. Performing the replacements a→ b, b→ a in Theorem 1, the result reads as
4φ3
[
q−n, a, b, q1/2−n/ab
q−n/a, q1−n/b, q1/2ab
∣∣∣ q; q
]
=
[
ab
qa, b
∣∣∣ q
]
n
[
q1/2a, b,−q1/2
ab
∣∣∣ q1/2
]
n
.
Combining the last formula with Theorem 1 by the following relation:
(qx; q)k
(x; q)k
=
1− xqk
1− x
=
(1− q−n/a)(q−n/b− x)
(1− x)(q−n/b− q−n/a)
1− qk−n/a
1− q−n/a
+
(1− q−n/b)(q−n/a− x)
(1− x)(q−n/a − q−n/b)
1− qk−n/b
1− q−n/b
,
we achieve Theorem 2 to finish the proof. 
When x = 0, Theorem 2 reduces to Andrews’ identity offered by (2) exactly. Taking
x = q1/2−n/ab in Theorem 2, we recover the known result due to Guo [5, p. 1040]:
4φ3
[
q−n, a, b, q3/2−n/ab
q1−n/a, q1−n/b, q1/2ab
∣∣∣ q; q
]
=
1− abqn/2−1/2
1− abqn−1/2
[
ab
a, b
∣∣∣ q
]
n
[
a, b,−q1/2
ab
∣∣∣ q1/2
]
n
. (4)
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Other two related results are displayed as follows.
Corollary 3 (x = q−1/2ab in Theorem 2).
4φ3
[
q−n, a, b, q1/2−n/ab
q1−n/a, q1−n/b, q−1/2ab
∣∣∣ q; q
]
= q−n/2
[
ab
a, b
∣∣∣ q
]
n
[
a, b,−q1/2
q−1/2ab
∣∣∣ q1/2
]
n
.
Corollary 4 (x→ b/q and b→ b/q in Theorem 2).
4φ3
[
q−n, a, b, q3/2−n/ab
q1−n/a, q2−n/b, q−1/2ab
∣∣∣ q; q
]
=
b− q1−n/2
b− q
[
ab/q
a, b/q
∣∣∣ q
]
n
[
a, b/q,−q1/2
ab/q
∣∣∣ q1/2
]
n
.
Theorem 5. For three complex numbers {a, b, x} and a nonnegative integer n, there holds
5φ4
[
q−n, qx, a, b, q3/2−n/ab
x, q1−n/a, q2−n/b, q1/2ab
∣∣∣ q; q
]
=
[
ab/q
a, b/q
∣∣∣ q
]
n
[
a, b/q,−q1/2
ab/q
∣∣∣ q1/2
]
n
(q1/2 − ab)(q − bqn/2)
(1− x)(q3/2 − ab2qn)
×
{
q1−n/2 − xbqn/2
q − b
−
(q1/2 − bqn/2)(q1/2x− ab)(q − abqn)
(q1/2 − b)(q1/2 − abqn)(q − abqn/2)
}
.
Proof. Combining (4) with Corollary 4 by the following relation:
(qx; q)k
(x; q)k
=
1− xqk
1− x
=
(1− q1−n/b)(x− q−1/2ab)
(1− x)(q1−n/b − q−1/2ab)
1− qk+1−n/b
1− q1−n/b
+
(1− q−1/2ab)(q1−n/b− x)
(1− x)(q1−n/b − q−1/2ab)
1− qk−1/2ab
1− q−1/2ab
,
we attain Theorem 5 to complete the proof. 
When x = 0, Theorem 5 reduces to Andrews’ conjecture given by (3) exactly. Letting
x→ a/q and a→ a/q in Theorem 5, we recover the known result due to Guo [5, Equation
(4.4)]:
4φ3
[
q−n, a, b, q5/2−n/ab
q2−n/a, q2−n/b, q−1/2ab
∣∣∣ q; q
]
=
q−n/2(q3/2 − ab)
q3/2 − qnab
×
[
ab/q
a/q, b/q
∣∣∣ q
]
n
[
q−1/2a, q−1/2b,−q1/2
q−3/2ab
∣∣∣ q1/2
]
n
.
Other two related results are laid out as follows.
Corollary 6 (x = q−1/2ab in Theorem 5).
4φ3
[
q−n, a, b, q3/2−n/ab
q1−n/a, q2−n/b, q−1/2ab
∣∣∣ q; q
]
= q−n/2
[
ab/q
a, b/q
∣∣∣ q
]
n
[
a, q−1/2b,−q1/2
ab/q
∣∣∣ q1/2
]
n
.
Corollary 7 (x = q3/2−n/ab in Theorem 5).
4φ3
[
q−n, a, b, q5/2−n/ab
q1−n/a, q2−n/b, q1/2ab
∣∣∣ q; q
]
=
[
ab/q
a, b/q
∣∣∣ q
]
n
[
a, b/q,−q1/2
ab/q
∣∣∣ q1/2
]
n
(q1/2 − ab)(q − bqn/2)
(q3/2 − abqn)(q3/2 − ab2qn)
×
{
(q1/2 − bqn/2)(q + abqn/2)(q − abqn)
(q1/2 − b)(q1/2 − abqn)
−
q1+n/2(q1/2 − a)
1− q/b
}
.
According tho the linear methods of establishing Theorems 2 and 5, more related summa-
tion formulae can be founded. We shall not offer the corresponding details.
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